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1. INTRODUCTION 
It is well known that the solutions of the equilibrium equations for bars 
under compression need not be unique. In this paper we prove that there can 
likewise be a multiplicity of solutions for bars in tension. For this purpose 
we employ a general nonlinear one-dimensional theory of rods having 
sufficient kinematic structure to account for transverse deformation. 
Formal perturbation analyses for fairly general models of nonlinear 
elasticity [l, 21, and for special theories of plasticity [3] strongly suggest the 
existence of bifurcating solution branches for problems in which there is a 
trivial solution. Rather than justifying these investigations directly (by the 
Lyapunov-Schmidt method, e.g.), we treat our simpler one-dimensional 
model, for which both the analysis and physical interpretation are more 
transparent and complete, and for important special cases of which we can 
invoke a global existence and regularity theory that is not available for the 
three-dimensional theory of nonlinear elasticity. 
We first prove a “semiuniqueness” theorem (in Section 3) that shows that 
the deformation process for such a bar in tension must be of a restricted form. 
This enables us to reduce the original boundary value problem to a much 
simpler problem that is amenable to the bifurcation theory of Poincare. 
Using this theory we then obtain (in Section 4) conditions on the material 
response that guarantee nonuniqueness. In Section 5 we obtain a global 
existence and nonuniqueness theorem for hyperelastic bars, describe the 
qualitative behavior of the solutions, and discuss their stability. We finally 
discuss (in Section 6) the relevance of our results for the tension test and the 
phenomenon of “necking down.” 
* The research reported in this paper, which was done at the Courant Institute of 
Mathematical Sciences, New York University, was supported by the Air Force Office 
of Scientific Research under Grant AFOSR-71-2013. 
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2. FORMULATION OF THE BOUNDARY VALUE PROBLEM 
A two-director theory of rods is a one-dimensional theory of solids refined 
enough to describe transverse deformation. In this theory, the configuration 
of a rod is defined by three vector functions of a material coordinate S: 
r = r(S), PO = P,(S), LII = 1,2, O<S<l. (2.1) 
We may interpret the vector r(S), which determines a curve in space, as 
fixing the position of a three-dimensional rod in space, and we may interpret 
the vectors p,(S), p,(S), which for fixed S determine a plane in space, as 
characterizing the deformation of a cross section. In particular, a contraction 
of the cross section corresponds to a decrease in the lengths of pi and pZ . 
On the basis of the geometric significance of these vectors, we assume that 
pi, pZ , ps = r’ are independent and have positive lengths. (The prime denotes 
differentiation with respect to S.) In this section, we use the summation 
convention for the Greek index 01 ranging over 1, 2. 
The mechanical variables are the stress resultants n, l.~~, p”. These are 
the generalized forces corresponding to the generalized displacements 
P3 ? Par’, PO1 7respectively. n may be interpreted as the resultant force and 
m = pa x pa as the resultant moment across a section of the rod. (For 
further details and interpretations on such theories, see [4, 5, 61 and the 
works cited therein.) 
If the only loads are applied at the ends of the rod, the equilibrium equations 
are the balance of forces 
n’ = 0, (2.2) 
the balance of director forces 
(IL”)’ - p” = 0, (2.3) 
and the balance of moments 
(r x n + pa X P)’ = 0, (2.4) 
from which we obtain 
m’+p, xn=O, 
p3 x 11 + pa’ x F” + pal x pa = 0. 
(2.5) 
(2.6) 
We regard (2.6) as a constitutive restriction. 
Let X, y, z be Cartesian coordinates for Euclidean three-space, and let 
i, j, k be the corresponding unit base vectors. For simplicity, we consider 
the deformation of a symmetric bar of unit undeformed length under the 
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action of symmetric end loads in the (x, y)-plane of symmetry. (Thus, S is the 
are length parameter of the axis of the rod in the undeformed configuration.) 
In this case we require the vectors r, pr , pz , pa to have the form 
r = xi + yj, (2.7) 
p1 = (1 + pl) (-sin+ + cos$i), (2.8) 
~2 = (1 + ~2) k (2.9) 
pa = (1 + pa) (cos Bi + sin Oj), (2. IO) 
where 
1 + pk > 0, k = 1, 2, 3. (2.11) 
We define the angle /I by 
e=p+4. (2.12) 
These geometric variables are shown in Fig. 1. We take the undeformed state 
to be a straight bar lying along the x-axis, so that 
pl=p2=p3=p=~=e=y~o (2.13) 
in this configuration. We require the mechanical variables to have the form 
n=N(e)+Q(e). 
$=G(+-)+JY(~)T 
P’=G(*)+a(*)., 
p? = Kk, p2 = Kk, 
m = Mk = (1 + pX) Hk. 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
N is the axial component of force, Q is the shear component of force, and M 
is the bending moment acting across a cross section. We assume that (2.14)- 
(2.18) are consistent with (2.7)-(2.10) through the constitutive equations. 
In this planar case, (2.2) yields 
N -elQ=O, (2.19) 
Q’+elN=O, (2.20) 
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FIG. 1. Geometrical variables. 
(2.3) yields 
(2.5) yields 
and (2.6) yields 
G’-$‘H-G=O, (2.21) 
H’+#G--=O, (2.22) 
K’-x=0, (2.23) 
M’ + (1 + ~3) Q = 0, (2.24) 
(1 + ~3) Q + PI’H - (1 + A) #G - (1 + PI) fi = 0. (2.25) 
We shall not use (2.22), since it is a consequence of (2.18), (2.24), and the 
constitutive restriction (2.25). 
For simplicity we ignore thermal effects. Our constitutive assumptions -- 
are that the values of N, Q, G, H, G, H, K, R at S are given by 
N(S) = -4w(S), S), Q(S) = 9(w(S), S), etc., (2.26) 
where JV, 9,... are thrice continuously differentiable functions of 
(WY s> = (PI > Pz 9 P3 9 I4 PI’, P3’P C’, 9 (2.27) 
that satisfy (2.25). For materials with independent constitutive variables r, 
r', pa, pa', this is the most general form of static response consistent with 
frame indifference and planarity (cf. [6]). If a material with constitutive 
functionals depending upon the past history of w has been at rest for a 
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sufficiently long time, then its constitutive relations reduce to (2.26). We 
assume that all the functions A’“, LZ,..., vanish in the undeformed state (2.13). 
The governing equations for our problem consist of (2.19)-(2.21), (2.23), 
(2.24), and the geometric relations (2.12) and 
x’ = (1 + pa) cos 8, y’ z (1 + ps) sin 0, (2.28) 
which are obtained from (2.7) and (2.10). These form a system of eight 
equations for the eight unknowns p1 , pz , p3 , /3, 4, x, y, 0. 
3. THE SEMIUNIQUENESS THEOREM 
We now show that for bars under tension, physically reasonable assump- 
tions on the material response enable us to reduce the full system of governing 
equations of Section 2 to a degenerate system of lower order. We first consider 
the bar of (2.13) with the end S = 0 fixed and hinged at the origin and with 
the end S = 1 free to slide along the x-axis, hinged, and subject to a force 
of magnitude X acting in the positive x-direction. Thus, the boundary condi- 
equations are 
x(0) = 0, Y(O) = 0, M(0) = 0, (3.1) 
N(1) cos e(l) - Q(1) sin e(l) = A, Y(l) = 0, M(1) = 0. (3.2) 
We allow any suitable boundary conditions on p1 or G and on pz or K. 
SEMIUNIQUENESS THEOREM. If 
qw, S) = 0 when p==o, z$->o, (3.3) 
.M(w, S) = 0 when (6’ = 0, $$ > 0, (3.4) 
-7r<B<T, (3.5) 
if (3.1) and (3.2) hoEd, and if h > 0, then (cZussicaE) solutions of the planar 
equilibrium problem satisfy 
P(S) = a W) = 0, e(s) E 0, y(S) s&z 0. (3.6) 
Proof. Equations (2.19), (2.20), (2.24), (2.26) imply 
N(S) = /(w(S), S) = h cos e(s), (3.7) 
Q(S) = 22(w(S), S) = --A sin 0(S), (3.8) 
M(S) = Jqw(S), S) = Ay(S). (3.9) 
40914412-s 
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If A = 0, then (3.3), (3.4), (3.8), (3.9), (2.12) imply that /3 = 0, 4’ = 0, 
0’ = 0. Relations (3.6) then follow from (3.1), , (3.2), , (2.12). 
If h > 0, we assume, for contradiction, that y f 0. Conditions (3.1)z , 
(3.2)s then require y or -y to have a positive interior maximum. We just 
treat the case in which y is maximized at T E (0, 1): 
Y(T) > 03 Y’(T) = 0, y”(T) ,< 0. (3.10) 
Relations (2.11)s) (2.28), , (3.10), imply that sin B(T) = 0. By (3.5) we then 
have B(T) = 0. Evaluating the S-derivative of (2.28), at T, we obtain 
Y”(T) = U + PsV’II V7 (3.11) 
and then use (2.11)a and (3. IO), to get 
B’(T) < 0. (3.12) 
Evaluating the S derivative of (3.8) at T, we get 
+v(T), T)fY(T) = -M’(T) = -@l’(T) ++‘(T)], (3.13) 
whence 
O’(T) = $ (w(T), T) [A + +f (w(T), +W). (3.14) 
But (3.4), (3.9), (3.10), imply that $‘(T) > 0, so that d’(T) > 0 by (3.14), 
(3.3), in contradiction to (3.12). This completes the proof. 
This theorem generalizes that of [6], and uses some ideas of [7]. Similar 
theorems can be obtained for different boundary conditions. This theorem 
can also be strengthened to treat compressive loads, but such results are not 
germane to our purposes. We remark that the condition (3.5) excludes both 
the loops that are known to exist in the elastica and solutions that are just 
rigid rotations of a straight solution. 
By virtue of this theorem and relations (3.3), (3.4), (2.18), (2.25), we have 
Q = 0, M = 0, H = 0, f7= 0. (3.15) 
Thus, the nontrivial equilibrium equations are 
N=h, G’--GGO, K’-KRO. (3.16) 
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We now make some simplifying assumptions and introduce corresponding 
notational simplifications: 
Pl = P2 = P> p3 = E, G =K, G=KG], (3.17) 
N(S) = .N(p’(S), p(S), gq = Jqp(S), p(S), l ), 0, P’(S), P’(S), 0; a 
G(S) = 3($(S), p(S), E(S)) = %@), p(S), 4% 0, P’(S), P’(S)> 0; Sh 
J(S) = J%‘(S), P(S), 4s)) = $(P(S), P(S)> m 03 P’(S)7 P’(S), 0; 9 
(3.18) 
Thus, this restricted model describes the axisymmetric deformation of a 
homogeneous bar with circular cross section. Our governing equations are 
(3.18), the equilibrium equations 
N' = 0, G' - ] = 0, (3.19) 
and the geometric condition (obtained from (2.28)) 
x’ = 1 + E. (3.20) 
4. BRANCHINGFROM THE TRIVIAL SOLUTION 
We wish to study the behavior of the nonlinear system (3.18), (3.19) 
depending upon the parameter A. This parameter is inconvenient, since in 
many important cases the trivial solution does not depend upon h in a single- 
valued manner. We, therefore, introduce the average extension y as a new 
parameter by replacing the boundary condition (3.2), with 
x(1) = 1 + y. (4.1) 
We retain the remaining conditions from (3.1), (3.2). 
We make the following physically reasonable restrictions on the constitu- 
tive functions 9, 3, JV: 
(9 g > 0, y > 0, g > 0, 
(ii) ‘?I is odd in p’, 
(iii) 2 and .N are even in p’. 
(iv) The algebraic equation ,$(O, p, C) = 0 has a solution 
P = ix+ (4.3) 
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In addition to the boundary conditions already prescribed, we also take 
G(0) = G(1) = 0, (4.4) 
which, in virtue of (4.2), (4.3), yield 
p’(0) = p’(1) = 0. (4.5) 
These conditions mean that there is no restraint preventing the ends from 
changing their thickness. Our boundary value problem for p, E, x thus consists 
of (3.18)-(3.20), subject to (3.1), , (4.1), (4.5). We study only those solutions 
p, E for which the constant A’(p’(S), p(S), E(S)), which is the axial load A, is 
non-negative. In this case the semiuniqueness theorem is valid, and this 
reduced problem is meaningful. 
Under the assumptions (i)-(iv), our boundary value problem admits the 
family of trivial solutions, depending upon the parameter y: 
P = P(Y), 6 = Y, x = (1 + y) s. (4.6) 
We shall denote derivatives of 9, f, Jlr, evaluated at the trivial solution 
(4.6) by subscripts. Thus, 
A+- (0, i;(r), Y), etc. 
To determine whether there are nontrivial solutions p(S; y), x(8; y), 
depending upon the parameter y, it is convenient to introduce new dependent 
variables 7 and v and two parameters a and b by 
Pv% Y) = PM + 4% 34 xp, y) = (1 + Y) s + a+% Y), (4.7) 
with 
rl(O> = 1, w’(O) = b - (N&V<). (4.8) 
Our boundary value problem for 7 and v becomes 
a9 
7 7” + g 7’ + g qy - ; = 0, 
ap 
aN aJr/- ax 
ap 7" + ap rl' + -L&- vx = 0, 
q’(O) = 0, o(0) = 0, (4.11) 
r]‘(l) = 0, v(l) = 0, (4.12) 
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where the arguments of the derivatives of ??, 6, J” are a$, p(r) + ur), 
y + UTJ’. We define y/a at a = 0 so that it is continuously differentiable 
here. When a = 0, hypotheses (ii), (iii) enable us to reduce (4.9), (4.10) to 
Yo’7” - yo7 - ,J@’ = 0, 
X07’ + .A+” = 0. 
These equations are readily solved. We set 
(4.13) 
(4.14) 
(4.15) 
The initial value problem (4.8)-(4.11) then has the solution 
7(S; 0, b, y) = $9 +(1--$&osps, (4.16) 
P’ 
(4.17) 
This solution satisfies the boundary conditions (4.12) if and only if 6 = 0, 
p”(y) = n22, with n a positive integer. We let yn denote any member of 
the (possibly empty) set of real solutions of the algebraic equation 
~“(7) = n2n2. Then the solution of the boundary value problem (4.8)-(4.12) 
is given by 
7(S; 0, 0, m) = cosn~s, v(s. 0 0 y , , , n ) = _ 3 sin nTrS x--G--’ (4.18) 
We can now apply the bifurcation theory of PoincarC. (A description of 
this theory containing statements of relevant theorems that we tacitly employ 
is given in [8].) Since the initial value problem (4.8)-(4.11) has the solution 
(4.18) when (a, b, y) = (0, 0, m), th is initial problem still has a solution, 
denoted q(S; a, b, r), v(S; a, b, r), when (a, b, y) is in a neighborhood of 
(0, 0, YJ. To show that the boundary value problem for p, E, x has nontrivial 
solutions (cf. (4.6), (4.7)), we must find a triple (a, b, r) with a # 0 such that 
7’(1; a, 4 r) = 0, v(1; a, b, 7) = 0. (4.19) 
For this purpose we use the implicit function theorem, observing that these 
equations are satisfied (by (4.18)) when (a, b, r) = (0, 0, m). We accordingly 
require the partial derivatives of the functions of (4.19) with respect to their 
arguments at (0, 0, m). The derivatives with respect to b and y are obtained 
by differentiating (4.16), (4.17). To get the equations satisfied by 
ta7jw (8; 070, Y,>,(WW (wJ0,m), we differentiate the initial value prob- 
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lem (4.8)-(4.11) with respect to a, and take the limit as (a, b, r) -+ (0, 0, m) 
These equations are readily solved. We then find 
(4.20) 
~(1;0,0,Y~)=0, g (1; o,o, m) = 0, 
~(l;o,o,y.) = (-!J+l J&), 
~(l;O,O,y,) =&4 
L’ c 
g@uw= -g&9 
0’ 
~(l;O,O,Y,) =$&$+.)* (4.21) 
where 
(4.23) 
then 
a?' aer w av + 0 ----- 
aa ay ay aa when (f% 4 h r> = (1; 0, 0, mh 
and the implicit function theorem tells us that (4.19) can be solved for a and y 
as functions of b for (a, b, r) near (0, 0, m). Moreover, in this case 
a+ as --- abay g$#O at (1; o,o, %a>, 
so that the solution a # 0 near (0, 0, m). (We also note that on this solution 
branch ay/&z = ay/ab = 0 at (0, 0, m)). Thus, we have obtained the follow- 
ing theorem. 
THEOREM. Under the hypotheses (+0-(v), (4.23), the boundary value problem 
(3.18)-(3.20) subject o (3.1), , (4.1), (4.5) has nontrivklsolutions which bifurcate 
from the trivial solution (4.6) when y = yn or when 
h = h, = 40, /ha), y?a) 2 0. 
NONUNIQUENESS FOR BARS IN TENSION 343 
If (4.23) does not hold, a more refined analysis, which we do not attempt, 
is required. (We observe that (dp2/dy) (y,J = 0 means that the eigenvalue 
yn has multiplicity 2 or more. When (4.23) f ai s, ‘1 no constructive process can 
completely resolve the bifurcation question for our problem in a finite 
number of steps, because it cannot handle eigenvalyes 7% of arbitrary multi- 
plicity. In this case appeal can be made only to abstract bifurcation theorems 
valid for special classes of equations.) 
Having proved this local nonuniqueness result, we may use a modified 
perturbation analysis to determine the local qualitative properties of these 
bifurcating branches. In such an analysis, we assume that the unknown 
functions p, E and the parameter y depend smoothly upon another parameter 
which, for convenience, we define by 
a=2 f’ p cos naS dS. 
JO 
By differentiating the boundary value problem and (4.24) repeatedly with 
respect to 01 and then setting 01 = 0, we obtain a sequence of linear problems 
whose solutions furnish a local parametric representation of the bifurcating 
branches. These solution branches have the form 
P = P,(S) = P(Yn) + a cos nnS + a2[An + B, cos 2n7&] + O(a?), 
6 = c,(s) = yn - 3 a cos nnS + a2[C, + D, cos 2mS] + O(G), 
E 
y = Yn + a2r, + O(a3), 
(4.25) 
N = WPn’, Pn > 4 = “J-(0, Is(Y,), m) + a24 + W3), 
where the constants A, , B, , I’, , A, depend in a complicated manner upon 
the derivatives up to order three of 9, $, .N at the trivial solution. 
5. HYPERELA~TIC BARS 
If there is a (strain-energy) function W(p’, p, l ) such that 
then the bar is called hyperelastic, and we can prove a global nonuniqueness 
theorem by exploiting the variational character of the problem. Moreover, we 
can determine some qualitative features of the solutions. 
When (5.1) holds, the boundary value problem (3.18)-(3.20), (4.1), (4.5) 
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consists of the Euler equations and natural boundary conditions for the 
variational problem of minimizing 
Ub, 61 = 1’ W(P’, p, 6) ds (5.2) 
0 
subject to 
s 1 
edS=y. (5.3) 
0 
The existence of a smooth absolute minimizer (among a wide class of admis- 
sible functions) for this variational problem can be proved by specializing 
the existence theorems of [6]. For this purpose we must impose some mild 
growth conditions (which we do not specify here) on YP’-, and we must further 
assume that w is strictly convex in p’ and E. We assume that these conditions 
are fulfilled. We, therefore, know the existence of the trivial solution and the 
solution that minimizes (5.2) on (5.3). To show that these solutions are 
distinct, we need only show that the trivial solution does not furnish U[p, e] 
with even a relative minimum by showing that the second variation of lJ[p, e] 
at the trivial solution is not positive-definite. By virtue of the constitutive 
restriction (ii) on 9 = i?W/i?p’, the second variation PU[p, ~1 of U[p, c] at 
the trivial solution is given by 
where Sp, 8~ are arbitrary functions (in appropriate spaces) satisfying 
St 8~ dS = 0. Here the subscripts on YV denote the corresponding partial 
derivatives evaluated at the trivial solution. The choices of Sp and SE as 
Sp = cos nirs, se=+ cos mrs, n Z 1, (5.5) EE 
(i.e., as eigenfunctions of the boundary value problem linearized about the 
trivial solution) reduces (5.4) to a positive multiple of 
Since 
WI2 - P”(r)* (5.5a) 
we conclude the following theorem. 
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THEOREM. Let T!F be strictly convex in p’, E and have suitablegrowth prop- 
erties. Wherever y satisfies X(0, j(y), y) > 0 and p”(y) >/ T? or, equivalently, 
then there exists a classical nontrivial solution of the boundary value problem 
(3.18)-(3.20), (4.1), (4.5), that furnishes U[p, l ] with an absolute minimum on 
(5.3). (Specifically, the minimum of U[p, e] is attained over the set of all pairs 
(p, E) in the direct product W,l(O, 1) x Lp(O, 1) of SoboZev and Lebesgue spaces, 
with E satisfying (5.3). Here 01 > 1, /3 > 1 depend upon the growth of W as 
functions of its arguments, cf. [6].) 
It is customary to interpret the results of this theorem as showing that 
when (5.7) holds, the trivial solution is “unstable” and the absolute minimizer 
is “stable.” There are, however, serious technical difficulties in assigning to 
this usage of “stability” a precise meaning in terms of stability of motion, 
cf. [9]. 
To study the qualitative behavior of solutions of our boundary value 
problem, we observe that (3.19) now has the form 
aw ' 
( 1 - = ac 
o aw 1 aw 
3 i i ap, --ho. af 
This system can be integrated to yield 
(5.9) 
where h and c are constants. Let 
e = JqP’, P, 4 (5.10) 
denote a solution of (5.9), for E in terms of the other variables. (Note that 
(4.2) implies that a2W/ik2 > 0.) The substitution of (5.10) into (5.9)a reduces 
the latter to the following first order equation for p: 
~(Pr,PJ(P',P> 4) P' + hb(P', p, 4 - W(p', p, qP',p> A>> = c. (5.11) 
Now substitute 5 = (P’)~ into (5.11). The derivative of the left side of (5.11) 
with respect to .$ is 
--- 
2 a2-w --* (5.12) 
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The assumption (mentioned above) that q be strictly convex with respect to 
p’, E implies that (5.12) is positive. Thus we conclude that (5.11) can be 
solved for (P’)~ as a function of p, A, c. This means that the qualitative behavior 
of (5.11) can be readily studied from its family of phase plane diagrams 
depending upon h, c (see Fig. 2) which are symmetric about the p-axis. 
P’ 
p=-I 
FIG. 2. A typical phase plane trajectory for tied values of A, C. 
We obtain a solution satisfying the boundary conditions (4.5) when h, c are 
adjusted so that the phase plane curves ABC, ABCDA, ABCDABC,... (or 
their reflections) have unit length. (This unit length requirement excludes 
trajectories going into singularities.) The trivial solution is a point on the 
p-axis. The symmetry of the diagram about the p-axis implies that the result- 
ing solutions (except for those of type ABC) manifest a periodic structure. 
A more intensive qualitative analysis can be carried out along the lines of [lo]. 
It should also be possible to study the general problem, in which there is no 
strain energy function, by phase plane techniques. 
6. CONCLUSION 
The boundary value problem studied here is related to the static tension 
test that is used to determine material properties of the bar. The special 
boundary conditions (4.5) permit the trivial solution (4.6), the presence of 
which renders the nonuniqueness problem easily accessible to analysis. 
The nontrivial solutions, whose existence we have demonstrated, have 
regions of reduced thickness called necks. Indeed, we see from (4.25), that 
there are solutions with the characteristic necking shape for 12 = 2, cx > 0, 
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B, < 0. For n = 1, (4.25)r indicates a lopsided solution with contraction 
at one end and relative bulging at the other, while for 11 = 2, CC < 0, (4.2.Q 
indictaes a solution with contractions at the ends and relative bulging in the 
middle. Necking of these types can occur. (See [ll], where numerous photo- 
graphs are given.) The phase plane diagram of Fig. 2 confirms the possibility 
of global solutions of these three types. These three solutions correspond 
respectively to curves ABCDA, ABC (or CBA), and CDABC. 
If the ends of the bar are welded to a rigid wall so that they can suffer no 
change in thickness, then (by an appropriate scaling or interpretation of p) 
the boundary conditions are 
p(0) = p(1) = 0. (6.1) 
In this case there is no readily identifiable (trivial) solution. Thus, the 
analysis of Section 4 does not apply. For hyperelastic bars, the phase plane 
methods of Section 5 are still valid. In fact, we get solutions satisfying (6.1) 
when X, c are adjusted so that the phase plane curves BCD, DAB, BCDAB,... 
(or their reflections) of Fig. 2 have unit length. The only solution that can be 
in transverse contraction is BCD. Fig. 2 indicates that this solution is sym- 
metric about the midpoint of the bar where the greatest contraction must 
occur. 
The actual boundary conditions for the experimental tension test are 
quite complicated. (Also the mountings vary for different types of materials.) 
Thus, conditions (4.5) and (6.1) can only serve as indicators of the possible 
kinds of solutions. The best approximations to the real end conditions may 
be intermediate to the points A, B, C, D of Fig. 2. 
In Fig. 3, we represent the axial force N = h as a function of the average 
extension y for the family of boundary valid problems (3.18)-(3.20), (3.1), , 
N=X 
FIG. 3. Axial force vs average extension. 
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(4.1), (4.5) parametrized by y. The trivial solution is denoted by the heavy 
black curve. Branches of nontrivial solutions bifurcate at the points 1, 2. 
This figure may be thought of as representing data from a “quasistatic” 
monotone extension process. Since (C&V/&) (0, 0,O) > 0 for real materials, 
it follows from (5.6) that N(0, p(r), r) must have at least one relative maxi- 
mum before bifurcation can be initiated at yn . Moreover, the first appearance 
of yn must preceed the first appearance of yn+r becausep2(y) is continuous. 
In particular, (&V/f+) (0, p(y), r) must vanish before bifurcation can occur. 
Bifurcation does not occur between ~a and ‘yol because (&V/C+) (0, p(y), y) is 
greater than the first critical value - ~T~~,,,JVJ$~ . Our work in Section 5 
suggests (at least for hyperelastic bars) that the solution observed for y > y1 
is a bifurcating branch. It is important to realize that data such as that shown 
in Fig. 3 represent properties of the solutions of a boundary value problem. 
Since the extension is averaged and the transverse deformations are ignored, 
this data cannot directly characterize the material response of the bar. Indeed, 
the assumption (4.2)s is in no way contradictory to the negativity of 
(dJl’l44 0 P(Y), Y) as shown in Fig. 3. We remark that this negativity, 
which was found experimentally for bars undergoing necking, was tradition- 
ally used to justify the constitutive assumption that (&V/a,) < 0 for suffi- 
ciently large E and that this assumption was regarded as realistic because of its 
connection with necking. We emphasize that we have specifically excluded 
this assumption without excluding the possibility of necking. 
Our simple one-dimensional model does not account for dynamic, thermal, 
and hysteretic effects, which certainly influence the growth and development 
of necks. In particular, we did not resort to a special theory of plastic equilib- 
rium. Our results, nevertheless, indicate that loss of uniqueness may be a 
fundamental mechanism in problems of the stability of bars in tension. 
If we assume that fracture occurs when the actual stress is sufficiently high 
(which, for constant iV, occurs at the 5’ where p is minimum), then our results 
indicate that fracture occurs at discrete values of S that can be determined 
for each boundary value problem. This conclusion for a deformable bar 
should be contrasted with Galileo’s demonstration that there is no preferred 
point of fracture for a rigid bar. 
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